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a b s t r a c t
Unsteady state counter diffusion problem with position dependent diffusion coefficient
can be modeled using Fick’s second law. A mathematical model was constructed and
solved to quantitatively describe the dynamic behavior of solute diffusion through
non-homogeneous materials where diffusion coefficient is a function of position. The
eigenfunction expansion approach was utilized to solve the model. The eigenvalues and
eigenfunction of the system were obtained using a variational method. It has been shown
that position dependency of thematerial can be neglected if the thickness of thematerial is
relatively small. Mathematical models were solved for different thicknesses and different
diffusion coefficient functions.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Diffusion of a substance may occur in all three phases such as gas, liquid and solid, but diffusion in solids is far more
complex than diffusion in gases and liquids. The reason is that a diffusing substance may be diffusing through a liquid or a
gas contained within the pores of the solid. Also, some solids such as crystals, polymeric films, and solids with capillaries,
have irregular pore size distributions and pores connectivity, in which the diffusingmolecules have preferential direction of
movement [1]. The diffusion in both gases and liquids canbe successfully predicted by some theories, but predicting diffusion
in solids where the diffusion coefficient can differ more than a factor of 1010 is much more complex [2]. Studying diffusion
process, and especially diffusion in solids, has been attracted many scientists and researchers, because diffusion in solids is
one the most common transport mechanisms in nature. Solution of diffusion equation for a variety of initial and boundary
conditions and for a different geometry with a constant diffusion coefficient, which is the case for many processes, has been
reported [3]. Studying diffusion in solids with a variable diffusion coefficient is crucial because of diffusion in non-uniform
solid and counter diffusion process.
Sadikoglu et al. [4] studied the diffusion of potassium sorbate through whey protein films where the diffusion coefficient
depended on the diffusion coefficient potassium sorbate at the equilibrium, and the ratio of solvent adsorption. They
obtained the ratio of solvent adsorption as a function of time by solving the solvent diffusion equation. They used the ratio of
solvent adsorption equation to define the time-dependent potassium sorbate diffusion coefficient through thewhey protein
films. They solved the diffusion equations with the time-dependent diffusion coefficient analytically to obtain the fractional
potassium sorbate release. They obtained excellent agreement between the experimental and the theoretical values.
Liu and Simpson [5] analyzed the diffusion of a substance in capillary porous solids where the diffusion coefficient was
an exponential function of concentration. Yamamoto [6] studied the concentration dependent diffusivity in liquid foods
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and polymer solution, and developed a simple method for determining the diffusion coefficient. Islam et al. [7] studied the
diffusion ofwater in liquid phase in a dryingmaterial and developed a liquid diffusionmodelwithmoisture and temperature
dependent effective mass diffusivity and thermal conductivity. Elbert et al. [8] proposed amathematical model for moisture
diffusion in a solid sphere with variable diffusion coefficient. Diffusion also depends heavily on the shape (geometry) of the
materials where diffusion of substances takes place. Li et al. [9] analyzed and modeled the diffusion in ellipsoidal solids,
which is considered to be the geometrical shape for the most food materials. Abd-el-Malek et al. [10] studied the diffusion
of a drug through a skin-like membrane by using the method of transformation group theory. The heat diffusion problem in
a spherical medium with nonlinear boundary conditions is solved by Abd-el-Malek and Helal [11] using the finite integral
transform technique.
In thiswork, amathematicalmodel for counter diffusionproblemwith a position dependent diffusion coefficient is solved
to describe the diffusion of a solute to the solvent inside a solid material, which is the case for many industrial processes
such as drying, membrane separations, frying, drug delivery, etc.
2. Mathematical model
This work considers semi-analytical solution of diffusion equation with the position dependent diffusion coefficient.
First it was assumed that the diffusion of a substance takes place from a thin film of a material where the concentration
distribution is homogeneous, free of solvent, and its boundary was brought into contact with a solvent at ends (i.e. at x = 0
and x = L). The solvent absorption and solute diffusion of amaterial begins simultaneously. The diffusion through a swelling
thin sheet can be derived from the Fick’s second law of diffusion in one dimension (thickness of the film is relatively small
compared with the surface area) with a time dependent diffusion coefficient:
∂C
∂t
= D(t) ∂
2C
∂x2
, 0 < x < L, t > 0
C = 0, x = 0, t > 0
C = 0, x = L, t > 0
C = C0 t = 0, 0 < x < L
(1)
where C is the solute concentration in the film, D(t) is the time-dependent diffusion coefficient of the solute, x is the
coordinate along the diffusion direction, and t is the time. Good [12], Korsmeyer and Peppas [13] and Sadikoglu et al. [4]
have shown that the diffusion coefficient for the solute is proportional to the degree of the solvent absorption by neglecting
any changes in thickness of the thin film due to the solvent swelling. The diffusion coefficient of solute in the film varies with
the solvent absorption and it always has a higher value at the surface than the center of the thin film. Since the amount of
the solvent absorption increases with time, the solute diffusion coefficient in the film can be expressed as follows [12–14,4]:
D(t) = Dp(M∗/M∗∞) (2)
where Dp represents solute diffusion coefficient at the equilibrium solvent absorption and (M∗/M∗∞) represents the ratio of
solvent absorption. The ratio of solvent absorption can be calculated from the solution of the solvent absorption equation
that can be derived from Fick’s second law. In this particular work, a non-uniform material is considered where the diffu-
sion coefficient is a function of position. The position dependent diffusion has a wide range of applications in separation
processes. The mathematical model for the solvent absorption by a thin film where the diffusion coefficient depends on
position can be given as:
∂C∗
∂t
= ∂
∂x
(
D(x)
∂C∗
∂x
)
0 < x < L, t > 0
C∗ = C∗0 , x = 0, t > 0
C∗ = C∗0 , x = L, t > 0
C∗ = 0, t = 0, 0 < x < L.
(3)
In Eq. (3), C∗, C∗0 , and D(x) represent the solvent concentration, the final solvent concentration, and the position dependent
solvent diffusion coefficient, respectively. In general, the position dependent diffusion coefficient can be expressed as [3]:
D(x) = D0(1+ f (x)). (4)
Eq. (3) is an inhomogeneous (i.e. boundary conditions are inhomogeneous) linear parabolic partial differential equationwith
a variable coefficient and has no analytical solution due to the variable solvent diffusion coefficient. The variational method
proposed in this work for the solution of the Eq. (3) is a semi-analytical method.
The solution of the time and position dependent solvent concentration equation, given in Eq. (3) can be written in the
following form:
C∗(x, t) = V (x, t)+ K(x, t). (5)
In Eq. (5) V (x, t) and K(x, t) represent related homogeneous and inhomogeneous part of the solution of Eq. (3). The
inhomogeneous part the solution, K(x, t) is a known function and can be chosen freely to satisfy the Eq. (3).
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If K(x, t) is chosen to be constant and equal to the final solvent concentration C∗0 then Eq. (5) becomes:
C∗(x, t) = V (x, t)+ C∗0 . (6a)
The Eq. (6a) is a solution of the Eq. (3) and it must satisfy the partial differential equation and its boundary and initial
condition given in Eq. (3).
∂C∗
∂t
= ∂V
∂t
∂
∂x
(
D(x)
∂C∗
∂x
)
= ∂
∂x
(
D(x)
∂V
∂x
)
C∗(0, t) = C∗0 = V (0, t)+ C∗0 ⇒ V (0, t) = 0
C∗(L, t) = C∗0 = V (L, t)+ C∗0 ⇒ V (L, t) = 0
C∗(x, 0) = 0 = V (x, 0)+ C∗0 ⇒ V (x, 0) = −C∗0 .
(6b)
Then the related homogeneous part of the Eq. (3) becomes as follows:
∂V
∂t
= ∂
∂x
(
D(x)
∂V
∂x
)
0 < x < L, t > 0
V = 0, x = 0, t > 0
V = 0, x = L, t > 0
V = −C∗0 , t = 0, 0 < x < L.
(7)
Eq. (7) is a homogeneous linear partial differential equation with a variable coefficient and can be separated to its variables
as follows:
V (x, t) = ψ(x)T (t) (8)
whereψ(x) and T (t) represent position and time dependency of V (x, t), respectively. After using the method of separation
of variables, the time and position dependent part of V (x, t) can be expressed as a first and second order ordinary differential
equations, respectively.
T ′(t)+ µT (t) = 0, 0 < x < L
T (t) = −C∗0 , t = 0 (9)
−D(x)ψ ′′(x)− D(x)′ψ ′(x) = µψ(x), 0 < x < L, t > 0
ψ(x) = 0, x = 0, t > 0
ψ(x) = 0, x = L, t > 0
(10)
the Eq. (10) is an eigenvalue problem as shown below:
Aψ(x) = µψ(x) (11)
where A = −D(x) ∂2
∂x2
− D′(x) ∂
∂x is a self adjoint bounded below differential operator with a real spectrum.
In Eq. (11), µ and ψ(x) represent eigenvalues and eigenfunctions, respectively. In order to solve Eq. (10), ψ(x)must be
expressed as a linear combination of eigenfunctions of the following base problem.
φ′′(x)+ λφ(x) = 0, 0 < x < L, t > 0
φ(x) = 0, x = 0, t > 0
φ(x) = 0, x = L, t > 0.
(12)
ψ(x) and φ(x) are in the same functional space and both of them satisfy the same boundary conditions. The spectrum
(eigenvalues and normalized eigenfunctions) of Eq. (12) can be given as follows:
λn =
(
(2n+ 1)pi
L
)2
φn = 1√2/L sin
(
(2n+ 1)pi
L
)
.
(13)
The eigenvalues that satisfy Eq. (10) can be obtained from the solution of the following linear equation system using
normalized base eigenfunction given in Eq. (13). The detailed analysis can be found in Appendix.
N∑
k=1
ak {〈Aφk, φn〉 − µn 〈φk, φn〉} = 0, n = 1, 2, 3, . . . .N. (14)
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The eigenvalues, µn obtained from the solution of Eq. (14), were used in Eq. (11) to evaluate related eigenfunctions, ψn(x).
Having expressedψn(x) as a linear combination of the eigenfunctions (φn(x)) of the base system, Eq. (8) can be rewritten in
series form as given below:
V (x, t) =
∞∑
n=0
Tn(t)φn(x). (15)
V (x, t) given explicitly in Eq. (15) is the homogeneous part of the solvent absorption equation and must satisfy Eq. (3):
Vt(x, t) =
∞∑
n=0
T ′n(t)φn(x)
Vxx(x, t) =
∞∑
n=0
Tn(t)φ′′n (x)
⇒
∞∑
n=0
T ′n(t)φn(x) =
∂
∂x
[
D(x)
∞∑
n=0
Tn(t)φ′n(x)
]
∞∑
n=0
T ′n(t)φn(x) =
[
D(x)
∞∑
n=0
Tn(t)φ′′n (x)+ D(x)′
∞∑
n=0
φn(x)Tn(t)
]
.
(16)
By setting−D(x)φ′′n (x)− D(x)′φ′n(x) = µnφn(x), Eq. (16) becomes:
∞∑
n=0
[
T ′n(t)+ µnT (t)
]
φn(x) = 0. (17)
In Eq. (17),φn(x) represents eigenfunctions of the base system and it can not be zero. Therefore the following equationwhich
represents the time dependency of the solvent absorption equation must be equal to zero.
T ′n(t)+ µnT (t) = 0. (18)
Eq. (18) is a first order homogeneous ordinary differential equation, and after λn values are calculated using Rayliegh–Ritz
method, Eq. (18) will have an analytical solution in the following form:
Tn(t) = Rn exp(−µnt). (19)
The homogeneous part of the solvent diffusion equation can be obtained by replacing φn(x) and Tn(t) in Eq. (15).
V (x, t) =
∞∑
n=0
Rn exp(−µnt)φn(x), where Rn = 1L
∫ L
0
−C0φn(x)dx. (20)
The general solution of the solvent diffusion equation given in Eq. (3) can be obtained by combining Eqs. (6) and (20).
C∗(x, t) = C∗0 +
∞∑
n=0
(
1
L
∫ L
0
−C0φn(x)dx
)
exp(−µnt)φn(x). (21)
Eq. (21) gives the distribution of the solvent concentration at any time along the thickness of a thin sheet film of a material.
The amount of solvent absorbed,M∗, and the equilibrium solvent content,M∗∞, of the thin sheet film can be calculated from
Eqs. (22) and (23), respectively.
M∗ = Af
∫ L
0
C∗(x, t)dx (22)
M∗∞ = Af
∫ L
0
C∗(x,∞)dx = Af C∗0 L (23)
where Af represents the surface area of the film. Dividing Eq. (22) by Eq. (23) gives the fraction of the solvent absorbed with
respect to its equilibrium solvent content at any time during absorption.
M∗
M∗∞
=
∫ L
0 C
∗(x, t)dx
C∗0 L
. (24)
The diffusion coefficient, which is a function of the fraction of the solvent absorbed with respect to its equilibrium solvent
content can be obtained when Eq. (24) is substituted into Eq. (2).
D(t) = Dp
∫ L
0 C
∗(x, t)dx
C∗0 L
. (25)
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Fig. 1. The comparison between current solution and Sadikoglu [4]. The solute concentration versus dimensionless thickness of the film at different times
(— current solution, • Sadikoglu [4]): (1) t = 5 s; (2) t = 25 s; (3) t = 50 s; (4) t = 100 s; (5) t = 150 s.
It is clear that the diffusion coefficient,D(t), in Eq. (25) is only the function of time. Therefore, Eq. (1) canbe solved analytically
by the method of separation of variables. The solution of the mathematical model, defined explicitly in Eq. (1), for the solute
diffusion in a thin sheet of a film is as follows:
C(x, t) =
∞∑
n=1
(∫ L
0
−C0φ(x)n dx
)
exp
(
−λn
∫ t
0
D(t)dt
)
φ(x)n (26)
whereλn andφ
(x)
n are the eigenvalues and eigenfunctions of the base problemdefined in Eq. (13), respectively. By integrating
Eq. (26) over the space and time, the fraction of the solute released from the thin film can be calculated from the following
equation.
Mt
M∞
= 1−
∫ L
0 C(x, t)dx
C0L
. (27)
3. Numerical solution
In order to determine simultaneous solute diffusion and solvent absorption through a solid matrix, the functional form
of the time dependent solute diffusion coefficient has to be determined. The first ten eigenfunctions of the base problem,
given explicitly in Eq. (13) are employed in Eq. (14) to calculate eigenvalues of the Eq. (10) by solving a system of 10x10
linear equations system. Having calculating eigenvalues and eigenfunctions of Eq. (10), the functional form of the solvent
concentration distribution, Eq. (21) is found. The solvent concentration, Eq. (21) gives the concentration distribution of the
solvent inside the solid matrix at any time. The amount of solvent absorbed,M∗, is calculated by integrating Eq. (21) along
the thickness of the thin film at any time of interest. The equilibrium solvent content,M∗∞, is also calculated by integrating
Eq. (21) along the thickness of the thin film by setting time to infinity. Eq. (27) that represents the fraction of the solvent
absorbed with respect to equilibrium solvent content is substituted into Eq. (2) to calculate the time dependent solute
diffusion coefficient. Then the solute concentration distribution inside the thin film is calculated using eigenvalues and
eigenfunctions of the base problem and the time dependent solute diffusion coefficient. Finally, the fraction of the solute
released from the solid matrix is calculated in Eq. (27) by integrating the solute concentration equation, Eq. (26), along the
thickness of the thin film.
The reliability of the solution of themathematical models presented in this work is comparedwith themodels developed
by Sadikoglu et al. [4] who studied the simultaneous diffusion of potassium sorbate into water inside a solid matrix in
which the diffusion coefficient of the water was constant. When f (x) in Eq. (4) assumed to be zero which means that
solvent diffusion coefficient is constant, the models developed in this work is identical with the models given in Sadikoglu
et al. [4]. The following parameters are used to solve the mathematical models: the solvent diffusion coefficient, the solute
diffusion coefficient at the equilibrium, the thickness of the film and the initial concentration of the solute are taken to be
7.604 × 10−10 m2/s, 9.337 × 10−11 m2/s, 0.0201 cm and 10%, respectively. In Fig. 1, the solute concentration distribution
inside the solid matrix at different times is presented. The lines represent the results obtained from the solution of the
mathematicalmodels presented in thiswork and the dots represent the results obtained from thework of Sadikoglu et al. [4].
In Fig. 2, the fraction of the solute released from the solid matrix is presented where the line represents the result obtained
in this work and dots represent the results obtained from [4]. It is clear that the numerical solution proposed in this work is
in good agreement with the analytical solution given in Sadikoglu et al. [4].
Having tested reliability of the solutionmethod, the mathematical models presented in this work are solved for different
film thicknesses and different functional form of Eq. (4) to show the position dependency of the solvent diffusion coefficient.
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Fig. 2. The comparison between current solution and Sadikoglu [4]. The fractional solute release (Mt/M∞) versus square root of the time (
√
t) for 10%
initial concentration of solute (— current solution, • Sadikoglu [4]).
a b c
Fig. 3. The theoretical fractional solute release (Mt/M∞) versus square root of the time (
√
t) for f (x) = 9x at different film thicknesses: (a) L = 0.02 cm;
(b) L = 0.05 cm; (c) L = 0.1 cm.
4. Results and discussion
In order to investigate the mechanism of the counter diffusion where the simultaneous solute diffusion with the time
dependent diffusion coefficient and solvent diffusion with position dependent diffusion coefficient inside a non-uniform
solid matrix take place, the various functional forms for position dependent diffusion coefficients are predicted. The
fractional solute release (Mt/M∞) data were used to determine the behavior of the mechanism involved in the diffusion
of solute through the thin films. In general, there are three types of diffusion mechanisms when the diffusion of an agent
in a polymer is considered [3,4]. Case I or Fickian diffusion occurs when the rate of diffusion is faster than the relaxation
rate of the polymer. Case II diffusion occurs when the relaxation rate, rather than the diffusion rate, controls the diffusion
process. Non-Fickian or anomalous diffusion occurswhen the relaxation and diffusion rates are comparable. Themechanism
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a b c
Fig. 4. The theoretical fractional solute release (Mt/M∞) versus square root of the time (
√
t) for f (x) = −x at different film thicknesses: (a) L = 0.02 cm;
(b) L = 0.05 cm; (c) L = 0.1 cm.
a b c
Fig. 5. The theoretical fractional solute release (Mt/M∞) versus square root of the time (
√
t) for f (x) = x2+x at different film thicknesses: (a) L = 0.02 cm;
(b) L = 0.05 cm; (c) L = 0.1 cm.
of the diffusion can be predicted by plotting the fractional release (Mt/M∞) at time t by Ktm, in which K is the constant
and characterizes the macromolecular network system and m is also a constant and characterizes the release mechanism.
Case I and Case II diffusion occurs when m = 0.5 and m = 1, respectively [3,15,4]. Non-Fickian or anomalous systems
lie between Case I and Case II in which m takes an intermediate value between 0.5 and 1 [3,4]. Another way to predict the
mechanismof diffusion is to plot the fraction release at time t versus the square root of the time (
√
t). In this case, Fickian and
Non-Fickian diffusion is characterized by linear and non-linear curves, respectively, at the early stage of diffusion process
(Mt/M∞ < 0.6) [4].
Based on the time dependent solute and position dependent solvent diffusion coefficients, theoretical fractional solute
release was plotted against the square root of time (Figs. 3–7 various film thicknesses and various functional forms of the
positiondependent solvent diffusion coefficients.When the function in Eq. (4) is chosen to be f (x) = 9xbehavior of fractional
solute release (Mt/M∞) with respect to square root of the time (
√
t) for film thicknesses of 0.02 cm, 0.05 cm and 0.1 cm can
be seen in Fig. 3. From Fig. 4 to Fig. 7 also represent behavior of the theoretical fractional solute release (Mt/M∞) changewith
respect to square root of the time (
√
t) for functions f (x) = −x, f (x) = x2 + x, f (x) = ex and f (x) = e−x, respectively for
different film thicknesses. The theoretical analysis of Figs. 3–7, showed that films containing a solute for all three different
thicknesses exhibited sigmoid behavior, implying a non-Fickian or anomalous diffusion mechanism. The deviation from
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a b c
Fig. 6. The theoretical fractional solute release (Mt/M∞) versus square root of the time (
√
t) for f (x) = ex at different film thicknesses: (a) L = 0.02 cm;
(b) L = 0.05 cm; (c) L = 0.1 cm.
a b c
Fig. 7. The theoretical fractional solute release (Mt/M∞) versus square root of the time (
√
t) for f (x) = e−x at different film thicknesses: (a) L = 0.02 cm;
(b) L = 0.05 cm; (c) L = 0.1 cm.
Fickian behavior was most likely due to the relaxation of the films controlling the diffusion. For various functional form of
diffusion function, nonlinear (sigmoid) behavior of the fractional solute release (Mt/M∞) changewith respect to square root
of the time (
√
t) is more pronounced in thick films. This is an expected result; as film gets thicker, the relaxation increases.
The relaxation phenomenon in films causes the release rate of solute to increase, resulting in an increase in solubility of
solute in the absorbed solvent. Many researchers [13,14,4,16] also observed similar non-Fickian behavior for the diffusion
of drugs and chemical substances in several polymeric systems.
5. Conclusion
A mathematical model was constructed and solved to quantitatively describe the dynamic behavior of solute diffusion
throughnon-uniform thin filmswhere the diffusion coefficient of solute is a function of timewhile the diffusion coefficient of
absorbed water is a function of position. The reliability of the solution method is tested with the work of Sadikoglu et al. [4]
where they studied the diffusion of potassium sorbate through whey protein films. The agreement between the solution
of the models presented in this work and the results of Sadikoglu et al. [4] were excellent. These results suggest that if
the amount of fractional solute versus time data are known for a counter diffusion system, the solute diffusion coefficient,
solvent diffusion coefficient and its functional form can be predicted for any product of interest which has a non-uniform
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structure. This can be done by matching the experimental data (amount of fractional solute released) with Eq. (27) along
with the mathematical models presented in this work and using non-linear least square regression analysis.
The analysis of the theoretically obtained amount of solute released data shows that solute containing thin films for all
different thicknesses exhibited sigmoid behavior that implies a non-Fickian or anomalous diffusionmechanism, as expected.
The deviation from Fickian behavior is the result of the relaxation of the films which controls the diffusion process.
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Appendix
The eigenvalue problem can be given as follows:
Au− λu = 0 (A.1)
where u, A and λ represent any function (u = u(x)), a self adjoint bounded below differential operator {−D(x) ∂2
∂x2
− D′(x)
∂
∂x }, and eigenvalues of system, respectively. The eigenvalues of Eq. (1) are real [17].
λ0 = 〈Au0, u0〉〈u0, u0〉 =
‖u0‖2A
‖u0‖2 . (A.2)
Hence it follows that the eigenvalues of Eq. (A.1) are not only real but positive as well.
(i) The eigenfunctions of Eq. (A.1) which correspond to distinct eigenvalues are orthogonal. Thus λ1 and λ2 are distinct
eigenvalues of Eq. (A.1) and u1 and u2 are corresponding eigenfunctions then.
〈u1, u2〉 = 0. (A.3)
Hence, it follows that the set of all the eigenfunctions of Eq. (A.1) can be considered as orthonormal.
(ii) Eq. (A.1) has an infinite set of eigenvalues
0 < λ1 ≤ λ2 ≤ λ3 · · · ≤ λn · · · , λn →∞ as n→∞. (A.4)
Let d be the lower bound of the functional 〈Au,u〉〈u,u〉
If there is a function u0 such that d = 〈Au0,u0〉〈u0,u0〉 , than d is the lowest eigenvalue of the Eq. (A.1) and u0 is the corresponding
eigenfunction of this equation.
Let λ1, λ2, . . . , λn, be (in order of increasing value) the first n eigenvalues of the Eq. (A.1) and u1, u2, . . . .un, be the
corresponding eigenfunctions. Let there exist a function un+1whichminimizes the functional (A.2) under the supplementary
conditions 〈Au, u1〉 = 〈Au, u2〉 = · · · = 〈Au, un〉 = 0. Then un+1 is the eigenfunction of Eq. (A.1) that corresponds to the
eigenvalue
λn+1 = 〈Aun+1, un+1〉〈un+1, un+1〉 (A.5)
which is the next eigenvalue following λn.
The last expression (A.5) can be rearranged as follows:
n∑
k=1
ak [〈Auk, um〉 − λ 〈uk, um〉] = 0, m = 1, 2, 3, . . . , n. (A.6)
In Eq. (A.6), the coefficients are always different than zero (ak 6= 0), to find a non-trivial solution the following determinant
must be zero.∣∣∣∣∣∣∣∣
[u1, u1]A − λ [u1, u1] [u2, u1]A − λ [u2, u1] . . . [un, u1]A − λ [un, u1]
[u2, u1]A − λ [u2, u1] [u2, u2]A − λ [u2, u2] . . . [un, u2]A − λ [un, u2]
...
[un, u1]A − λ [un, u1] [un, u2]A − λ [un, u2] . . . [un, un]A − λ [un, un]
∣∣∣∣∣∣∣∣ = 0. (A.7)
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